A horizontal layer is heated from below and cooled from above so that the enclosed single-component liquid is frozen in the upper part of the layer. When the imposed temperature difference is suchthat the Rayleigh number across the liquid is supercritical, there is Benard convection coupled with the dynamics of the solidification interface. An experiment is presented which shows that the .interfacial corrugations that result are two-dimensional when this "ice" is thin but hexagonal when the "ice" is thick. A weakly-nonlinear convective instability theory is presented which explains this behavior, and isolates the mechanism of the pattern selection. Jump behavior is seen in the liquid-layer thickness at the onset of hexagonal convection.
Convection can be the dominant mode of heat and mass transport in many processes that involve the freezing or melting of material. Such is the case for the freezing of ponds or bays and the storage of thermal energy based on the mel ting of the storage material. The solidification in molds of liquid metals or alloys and the growth of crystals from mel t or aqueous solutions are cases where double-diffusive processes may be present so that there is the need to understand the interaction in multicomponent systems. Although the effect of convective transport in all these processes has been a subject of many experimental and theoretical investigations (see e.g. Fester ( 1969) , Farhadieh and Tankin (1975) , Fischer (1981) , Hirose (1980. 1982) , Hurle & Jakeman ( 1981) , Marshall ( 1981) ) fundamental uncertainties exist in the prediction of the progress and the shape of the freezing or melting front. The growth of crystals from binary solutions is a process where the interaction of adverse temperature and concentration gradients may generate unwanted interfacial instabilities during a unidirectional solidification (Mullins & Sekerka ( 1964) , Coriell et al.( 1980) , Coriell and Sekerka ( 1982) , Hurle & Jakeman (1983) ). These instabilities generally deform the i ni tially planar sol id-1 iquid i nterface a nd 1 ead to a c ell ular pattern of micro-segregation. The interaction of the temperature and concentration field near a progressing solidification front gives rise to the so-called morphological instability (Mullins & Sekerka 1964) in which convective effects are negligible. Weakly nonlinear theories ( Wollkind & Segel ( 1970) , Wollkind & Raissi ( 1974) , Sriranganathan et al. ( 1983)) lead to prediction of hexagonal patterns for the resulting interfacial corrugations.
Interfacial instabilities may also originate from the onset of solutal or thermal convection in the liquid phase if the gradients are parallel to the gravity vector. Stability criteria based on linear analyses for solutal driven convection have been given for various conditions by Hurle, Jakeman & Wheeler (1982 . They also analyse the complex system of interacting morphological -4 -instabilities and solutal convection and show that stationary and oscillatory (overstable) perturbations of the temperature, concentra t ion and ve loc i ty may occur when t he c ri t i cal cond i tions are exceeded.
In the present work we wish to focus on systems in which thermal convection and corrugations of a Busse (1967) to give rise to hexagonal convec-tion in uncoupled systems. Pantaloni et al. (1977) imply that the convective pattern in the liquid generates the hexagonal corrugations at the solid-liquid interface.
It is the aim of the present investigation to identify the patterns of convective flow and interfacial corrugation, determine the parametric ranges in which different patterns occur and study the basic mechanics of the interfacial-flow interactions. In section 2 we report on experiments which identify the corrugations of the interface. In section 3 we perform a weakly nonlinear analysis of the coupled convective/interfacial system. We compare the theory and experiment and explain the mechanism of the pattern selection and the observations of the experiments. In section 4 we summary the study. The s tructure of t he sol id-1 iquid inter face, i.e. t he "ice" surface, is directly visualized through Observation slits at all four glass side walls. The reflection of the "ice" structure by the polished surface of the lower copper plate of mirror quality is an essential aid for the direct observation. However, for a photographic documentation the upper copper plate is removed from the test apparatus at certain fixed temperature levels of the lower and upper plate. Photos are then taken of the corrugated "ice" surface under favorable lighting conditions. The removal of the plate has to be rapid in order to avoid unwanted sublimation of the cyclohexane or condensation of air humidity at the "ice" surface. Typically, photographs were taken between 30 and 6 0 seconds after the start of the dismantling of the insulation of the appara tus.
Observations
We shall relate our observations to the case of pure heat conduction in which the solid-liquid interface is planar and its position is at z = hL. This state is analyzed in Section 3 where we find that
Here A. ( S) and ;,_(L) are the thermal conductivities for the solid and liquid, respectively, and for srnall B, B turns out to be the equivalent Biot nurober for the heat transfer frorn the liquid to the solid. Notice that B also rneasures the arnount of "ice" present.
We also inroduce the Rayleigh nurober R to rneasure convection in the liquid. Here
where a is the volurne expansion coefficient, g is the rnagnitude of the gravitational acceleration, K(L) is the thermal diffusivi ty and v is the kinernatic viscosi ty.
In all experirnents we keep T 0 fixed so that the ternperature difference T 0 -Ts is fixed and we vary the temperature T 1 of the upper boundary. Thus, unlike the classical experirnents in Benard convection, the Rayleigh nurober is varied through changes in hL, not through changes in the ternperature difference. The surface deflection can lead to a sufficient degree of vertical asymmetry that hexagonal convection can be created as shown by Davis and Segel (1968) for fluid-fluid interfaces. Our experimental Observations indicate that this is the case when B is large. When B is small enough we see only line patterns. We next outline a theory based on these ideas.
Theoretical Model and Analysis

Formulation
Consider the configuration sketched in figure 1 where the horizontal parallel plates at z = 0 and z = h have infinite horizontal extent. The lower plate at z = 0 is fixed at the temperature T = T 0 while the upper plate at z = h is fixed at temperature T = T 1 . The material between the plates is single component liquid if T > Ts and its solid if T < Ts. The layer is heated from below in that T 1 < T 8 < T 0 and there is a solid-liquid interface at z = n with 0 < n < h. The material properties are the density p 0 , the specific heat cp, the thermal conductivity .X, diffusivity K, kinematic viscosi ty v, and the volume expansion coefficient a; superscripts S and L will be used to designate solid and liquid properties when required.
The coupled effects of buoyancy-driven convection and phase changes will be described by thermal conduction in the solid and the Boussinesq equations (Mihaljian 1962) in the liquid. At the interface atz= n, we assume that there is no undercooling so that
The jump in heat flux is balanced by the production of latent heat L, (3.2) where n is the unit normal vector to the interface n ..
( 3. 3) Subscripts x,y,z,t represent partial differentiation. The interface is non-mobile but deformable so that there is the kinematic condition
and the no slip condition
where t( 1 ) and t( 2 ) are unit tangent vectors
-(l+ny , -nxny' nx)(1+nx +ny ) (l+ny (3.6a) (3.6b)
The governing system possesses a static equilibrium solution in which the interface is planar at z = n = hL, the velocity vector Thus, the thicknesses of the solid and liquid layers are deterrnined by T 0 , T 1 and Ts. In particular, as B + 0, the solid disappears.
We now introduce the following scales:
We use the sarne syrnbols as before to denote non-dimensional quantities; the full governing Boussinesq systern is as follows: Here equa tions ( 3.11 a, b, c) are the Boussinesq equa tions for the liquid and equation (3.11d) gives the thermal field in the solid.
The following non-dimensional groups emerge:
The main parameters that govern steady convection in the present system are R and B. Notice that due to condi tion ( 3.8), a change in, say, T 1 causes both B and R to change simultaneously, the latter due to the variation in hL.
In non-dimensional terms, the basic state has v = Q, p hydrostatic and
2 Weakly Nonlinear Steady Convection
We wish to consider the basic state in which a slight rise in the temperature of the upper plate causes a slight melting of the solid. The i ncrease in hL, gi ven tha t T 0 -T s i s fixed, causes the Rayleigh nurober to pass through its critical value R 0 leading to steady cellular convection of amplitude E:. We seek to describe this weakly nonlinear steady convection using a perturbation theory fir.st described by Malkus and Veronis (1958) by writing
... Here the overbar denotes horizontal average over one period in x and y, i.e. over one cell and k is the overall wave number.
The ternperature field in solid satisfies v 2 T 1 (s) = 0 along with T1(S)(x,y,1+B) = 0 and T 1 (S)(x,y,1) = A.-1 n. We find that .On the right-hand side of (3.23b) we have used solution-(3.19).
Notice that as Bi= 0, i,-1 ~ B so that the solid disappears-and the interface becomes a perfect conductor. In this limit DT 1 (1) = 0(1) and is bounded away from zero.
System ( 3.20) has a minimum critical Rayleigh nurober Re which corresponds to k = kc. In Figures 5 and 6 we plot these as functions of B as obtained by a straightforeward numerical integration. These are obtainable from the calculations of Nield ( 1968) even though we have a wave-number dependent "Biot" nurober 'tt. In all theory that follows we take k = kc for each given B.
It is easy to see that DT 1 (1) < 0 so from equation (3.23b), we have H 1 > 0. Thus, there is a surface elevation ( H 1 > 0) above a rising (W 1 > 0) convective current. This is consistent with the idea that the rising current is warm (T 1 > 0) so that it melts solid compared to its neighbors.
It is convenient in what follows to introduce a generalized
notation for the description of disturbances in the liquid. We follow Davis and Segel ( 1968) and wri te the four-vector '!'.,
u.
1.
. v. .. c ... then using the methods of Davis and Segel (1968) , it is straightforeward to show subject to the present boundary conditions The boundary condi tions a t z = 1 are obtained by referring the conditions on the deflecting interface to its mean position z = 1 and using the ordert: condi tions for simplifying the expressions. The final form requires a good deal of algebraic manipulation and leads to the following:
T 2 _ (x,y, I) + eL T 2 (x,y, I) .. 0 • 2:
We now apply the Fredholm alternative and take the scalar product of equation (3.30a) with f. 1 . From Davis and Segel (1968) we see that (i) the pressure gradient terms vanishes, (ii) the nonlinear term vanishes, (iii) the terms involving the operator inversion, using Green's theorem, of k +Re 112 t;1 vanish except for the boundary intergrals. In the latter terms we use conditions (3.21) and (3.30c,d) to reduce these. The results takes the form
We now use the definitions of f 1 and ~ from (3.24) and the scalar product (3.26) to rewrite equation (3.29) as follows:
Finally, we introduce the normal modes ( 3.16), use relation (3.22) and eliminate H 1 using form (3.23b) to obtain <1>2 (3.33)
The work of Schlüter, Lortz and Busse ( 1965) Segel ( 1965) and Busse (1967) have shown that stability considerations lead to the appearance of either roll cells or hexagons and that the nonlinear competition is contained in the following special form for At this stage we could obtain the order E 2 solutions, examine the order E3 perturbation terms and formally obtain R 2 (B) for B arbitrary; this would then give us R21 would be our RH 1 (0); the results are thus identieal.
R(H) ... R + R (H) E: + R (H)
-2 3 -
Preferred Mode
The foregoing computation for steady convection leads to an infinite number of convective states, one for each <P, which need to be distinguished by stability considerations. This has been done generally by Busse ( 1967) for cases where R 1 is small and generated by thermal variations in fluid properties. His stability analysis applies directly to our present work if B is small+) in which case four ranges of Rayleigh numbers exist for stable convective states. We can write these as follows: +) The interface deflection and the phase changes give rise to new local time derivatives (in the kinematic and Stefan boundary cond i t ions) compared to t he c lassical case. When B i s small, these terms do not alter the stability results of Busse ( 1967) nor the ranges listed above. However, if Bis not small, then one does not know the resul t. We now average equation (3.29) over x and y to obtain
where we have used forms (3.16a), (3.17) and (3.23b).
We now combine equations ( 3.41) and ( 3.42) to obtain This range significantly exceeds the expected range of validity at our perturbation theory so that hexagons would be predicted "always"! The theory shows that the first hexagons seen should be present due to a jump from the conduction state. Figure 8 shows a bifurca t ion diagram o f equa t ions ( 3. 36) for hexagons and rolls. As R is increased, the pure conduction state loses stability through a ') ·ump of magnitude between 1 R (H)/R (H)and R (H)/R (H) which is ~ 2 1 2 1 2 , O(B) for small B. We have no experimental observations of such jumps in the present set-up since viewing from the side of a thin, wide layer is difficult. However, in a subsequent experi-ment designed to focus on side-wall effects we have used identical materials but now a chamber having depth 10 mm and horizontal dimensions 20 mm x 200 mm. In these experiments B = 5.0 and we observe from the side a rapid jump in the mean posi tion of the interface upon the onset of convection; the liquid layer doubles its thickness at the onset of convection. This is not an effect of changes of volume of the material upon solidification but one of the dynamical consequences of subcritical bifucation.
We note that there j_s an aternative mechanism for the creation of hexagonal pa t terns as di scussed by Palm ( 196 0), Segel and Stuar t ( 1962) , Busse ( 1967) and Davis and Segel ( 1968) . Here thermal variations, say .6lJ, across the liquid layer, of each fluid pro- 
Conclusions
In this paper we have examined a single component liquid that solidifies at a known temperature Ts. The configuration involves a layer heated from below and cooled from above. A slight melting of the solid initiates steady thermal convection coupled to the deflection of an interface at which the changes in phase occur.
We have discussed an experiment in which large values of B (the ratio of solid to liquid thicknesses) lead to hexagonal convection that is readily observed while small values of B lead to only to line patterns. Presumably, hexagons exist in a Rayleigh number range too small to resolve experimentally.
We have discussed a theory for which small values of B are required since the perturbation theory is questionable when B is large.
We have compared experimental observation with theoretical prediction and found very good qualitative agreement in that (i) hexagonal convection and solid-liquid interface patterns predominate at large B while two-dimensional convection and patterns are seen at small B, (ii) the wave-number of the cells is governed by a stability theory, (iii) the onset of hexagonal convection is accompanied by a jump in the mean position of the solid-liquid interface so that the liquid depth suddenly increases.
The above agreement gives confidence that the coupled convective/phase-change Rystem considered gives rise to hexagonal symmetries and that theRe states are driven by alterations in heat transfer at the interface due to interfacial deformation. Further, the prediction of upflow in the centers of the hexagonal cells fits ones view that the phenomena are well-modeled by the theory. This mechanism should be present in other more complicated solidification systems. .t:>
